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Details for Lecture 4

Lemma 1. Let C1, . . . ,Cr be all conjugacy classes in G, and put zi = ∑g∈Ci g. Then {z1, . . . ,zr}
forms a basis of the center of kG, and there exists natural numbers mk

i j for which

ziz j =
r

∑
k=1

mk
i jzk

Proof. We consider the action of G on itself by conjugation, whose orbits are the conjugacy classes

and for which (kG)G = Z(kG) to obtain the first part. For the second part, we see that mk
i j counts

the number of pairs (g1,g2) ∈Ci ×C j such that g1g2 ∈Ck, hence the result.

Lemma 2. Let V be a complex irreducible representation and C a conjugacy class, and put zV, j =

|C j|χV (C j)/dim(V ). Then

zV,izV, j =
r

∑
k=1

mk
i jzV,k

Proof. Let ρV be the structure map of V and pick z ∈ Z(kG). Then ρV (z) is in EndG(V ) (since

z is central) so there exists λ ∈ C for which ρV (z) = λ · 1V and χV (z) = λ · dim(V ) so λ =

χV (z)/dim(V ). Thus, applying ρV to the equation of the first lemma and then taking traces, we

obtain the necessary equation if we notice that χV (zi)/dim(V ) = zV,i.

Theorem 1 (Second orthogonality relations). For g,h ∈ G, we have that

|CG(g)|−1
r

∑
i=1

χi(g)χi(h) =

1 if g and h are conjugate.

0 else,

where the sum ranges through all irreducible complex characters.

Proof. Let us consider the matrix X such that Xi j = χi(C j) where C1, . . . ,Cr are the conjugacy

classes in G. At the same time, let g1, . . . ,gr be representatives for these conjugacy and consider

D = diag(d1, . . . ,dr) where di = |CG(gi)| is the size of the centralizer of gi in G. The usual

orthogonality relations say that XDX† is the identity matrix, since for each conjugacy class Ci we

have that |Ci|= [G : CG(gi)]. Thus, we also have that X†X = D−1, which is what we wanted.
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